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1. Problem formulation

Multi-position radio-tectrnical space-based navigation sys-tems are of great interest lately. However, at present not all the stages of theflight can be provided with the help of trr"r" rvrt"-., i*ruJi"g the laqding ofthe aircraft where too,great an uc"u.a"y is required.
This determines the er the problem of devoloping al_gorithms for optim

racy is achieved in "^:t::?ii^*hich higher accu-

pr"i" 
"*tiu"*'s # arion which is conrained ff'rfy:?i:#rtl:#fi ?:frthe emission sources.. Such.is the algorithm that makes or"'Lr the time delaysseparation method, which is also known as the methrd of additional variable Ii].The frame of reference onxyz that is .r..0 tt"t. tr";*t*t; oo . The origin isfixed with respect to th'e Earth""nJit i-r?tached.to some point. The axis ony isorie

tion 
vertical line, theaxis OoX is oriented toward tt.i_o_

rt is ',?_";:ji*1'flfl;ft:,ffii1111,"J1,:l#.J:1ffi lgf:":
from four emission sources are observed on board themobile,object..Th.,,goordinates of ttre ".ir-i", ;;;;r., are knownX oQ)= @oQ),yoQ\ru0), k

The state vector ?ur = des: the coordinates of themobile object -x,y,z; A, of the mobile object withrespeQt to t[e system tirire; velocities of x,y,z and A.
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q(/) is observed at the receiveros input on board the mobile object

(r) (()='('r())*,(t)
A

where ,t,1,(l))= Iro(r-ro0)) is an useful signal, which represents the

sum of the til"ur, "u(l-ro(i,)) 
from each emission source;

,uft 'ru(1.)) = .fuQ-4ft))cosltr(t-l,(r))]; fo(t -40) is a radio-signal en-

velope from the k-th emission source; as =2nf, is a circular frequency of the

high-frequency filling; 7;6)=tu (T)* A is the ariival time of the signal from the

/ \ ,lt
k-rh emission source;rr(X)=c-'L(x -**Y +(y-y*)'*(r-roYftl' is the real

time of the signal delay from the k,th emission source; c is the light velocitV; nQ)

is a white Gaussian noise with zero mean and the correlation function given by

/\lN
M{r\"Q+t)}= *a(t),Nis a one-sided spectral density of ,r(r); AG) it the delta

z
function.

The amplitudes of received s urces rn

the zone of radio-visibility are ass

The state vector L ian bb descri Marrov
process which satisfies the system of s

L= FL+n1(r)

(3)

where o,Q),nrQ),n,Q) and, noQ) ur" independent white Gaussian noises with

one-sided spectral densities N*,Ny,N",N6 and with zero means

Mb,Q)\= ML,,01= M{",Q)}= ufuoQ)}= o'

The matrices of the drift coefficients and the diffusion coefficients are

(2)

or
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The noise vector is 
"{.Q)=fo,r*(t\o,nr(t),o,r,(t\0,ro(r)] wirh correlation

matrix u{nyQ)n{t - r)} = N,,6G) 
-

The essence of the multiplex synchronization method (MSM) is dis-
played in [-a].

2. Optimal filtration algorithm based upon
a multiplex syn ;hronization

, . ^ . An vector rf =(ror,T42,T43,Too) is
lntroduced lor the signals ion sources.7.,,,Tr".7,,-and 7,,
are the time delays of the g of the receivti ji'gnfitr from thl
separate emission sources z is a transposition symbol. Then the
state vector l, is expanded to the new state vector XI ={tr,f[] ttt.

The filtration with grouping of observatidns at ihe hrp fu""iion approxi-
mation is a, very suitable algorithm. In this case the dependence of tne signal
t,,,(!,-Tt()")) on the comparatively slowly varying p.o".ir", 

"(l)y(r) ,Q)"ana
A(l) must be considered. These processes are approximately invariable ior the
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sampling interval (I). Therefore,, we can approximate the observation in the
frame of each sarnpling interval (/u,lu*r) by the equation

((l)= s ( , ?uu )* "Q):t 
e (ln ,lu*, ), v = !2,3,..

where Iu =?r,(fu) is a value of the parameter in the supporting points t, =vt.
The sequence 1.,, satisfies the recursion equation

trv+t=@l,u+n4(4)

(s)

where O:exp{Ff} is tfre state transition matrix.for sampling interval (T); nx"
is a sequence of independent Gaussian randqm vectors with zero mean
M{nx-i= 0 and correlation matrix Y = M{ny" n[,].

When the method of additional variable is used, the observation equation
is given by equations [1-a]

€(r)= t (r,l', )* "Q), 
I e (4, tu*, )

,Q,]uu,r^)=f nD -106,)]"o, [<,ro(r- ro*)]

^ I - -r 
k=l

where ?u[u = tr$, r["1,r^ =Ta{gr);rn =ir.
The equation that expresses the dynamic behaviour of the system has the form

(7) la(v+r) =QaLau*rluou

where q^a=exp{Faf} is the state transition matrix for sampling interval (T),
when the state vectoiis expanded with rf =(T6,T42,T4y,Too); Fa is a matrix
of the drift coefficients; nlru is a sequence of independent Gaussian random

vectors with zero mean M{n, /u } = 0 and correlation matrix

I ." I T , / \1 | -, tl
Ya = Mfuxo u,n{.0 ,}= Jexp{r, (r -r)}Nroexpt{ \r -!}d'c'

The matrices of the Orift colfncients and the diffusion coefficients for ex-
panding the state vector are given by [1]:

r, =l 
F oG'o)l 

. ,nr' = | 
t^ o(t'o)l

o - 
lrro og*lli ")ta - lo(o*) ag,ql,

where O6xn) is a zero matrix with dimension mxn;

c-l cos c[.1 0 c-l cos B, 0 c-l cos y1 0

"-1 
coscr2 0 c:l cosB2 0 c-1 oosy2 0

c-l cos c[3 0 c-l cos p3 0 c-l cos y3 0

c-l cosota. 0 c-l cospa 0 c-l cosya 0

coscrl ,cosBo,cosyr are direction cosines of the k-th- emission source.
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The expressions of the matrices and may be represented as follows

(8) Qa=

where

I Qtz 0 0 0 0 0 0 00
0 Qzz 0 0 0 0 0 0 00
0 0 I or+ 0 0 0 0 00
0 0 -0 Qqq 0 0 0 0 0 0

0 0 0 0 l@so 0 0 00
0 0 0 0 0 oee 0 0 00
0 0 0 0 0 0 I (Dzr 00
0 0 0 0 0 0 0 ose 00
0 Qg,z 0 os,o 0 @s,o 0 Qs,s I 0

0 @r0,, 0 oro,a 0 @ro,o 0 oro,s 0 I
0 @rr,z 0 orr,o 0 @rr,o 0 orr,r _0 0

0 Qtr,z 0 orz,+ 0 @rz,o 0 @rz.s 0 0

00
00
00
00
00
00
00
00
00
00
l0
01

1- e-a,T 
.. _l- "-o'tT I @sr = J_ "-o,, - I _ e-atTor2 =-f-,oro d"j '-;=t oz8 ==^ 

'

Q22 = r-o*T; @44 = ".-or'; 0o6 = e-o"T; OBg = e-ooT;

(0g,2=tTta,r,@e,4 =TEaro, os;o =TOa,u, @e,s =<o73r

or0,2 =*Pa,r;@r0,+ = Tbaroi @rqo =Tttror @ro,a = ozai

olr, ="o}a,r,@u,4 =SParo,@1,0 =9Paru,o11s = oTsi

Qt1z =*F*,r, Q121 =Tfo aro, en,6 ={poso; o12,s = oTsr

47



(e)
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where

X, = *(o e-d,r -"-2a,r +2c-,7-3),Y,, =
4utt'

nrr: !" (r-"-za-r). ycr = lrr1ar-"t
40" aa] \

Ys+ = hF^'' -z;"r +t); y++=h?-"',,r),

yrr = !z-(4r-",r
4a)'

yr6 = hQ-"", 
- 2e-",r +t);

Yoe = #(-e-2o"r),v, =ffi(ou"or -r-2aor

yzg: 
ffiG-r"^, -)e-oor +r); yas =#t- 

"-zoor);
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v,- -'- cgsc'(k 
Xrr Yz(*+r) = 

cosl/'u/ ' u'' cosF-LYsllrl(k+8)- 
, -.- c -t12, r3(k+8)- 

,

u/ . - cosBp.v-.. v-,. ^, = "otTo yrsi yo(r*a) =%yru;' r4(k+8)- 
, "0, 

r5(k+8)- 
, -\.-.-/ c

Yz(r*t) =Ytt) Ys(t*s) = Yzai

vr. ^r. ^, _ cosok coso(7.,, , cosBo cosF, v.. aAnYt_Wyrr+yrr;r(k+8X/+s)- 
- , -tt. a , 

ttt--, - 
,

Yi1 =Yiii@,, =r,o),Q,i =tn).
When the fact, that ),.0 is a vector of non-power parameters, is taken into

account, the expanded Kalman filter state equation and the equation of covariance
matrix of the filtered errors Ru can be represented by following equation [, 4]

(10) ialu*r; =Ia1u+r; *1^,*r'"j'e{r)NIt-l) o,

(n) Ru| =ft+,.+T'flt11r".',r)l'[a"t&-t".',r)1r,,vrr 
"iL alfd jL a?LT I

where

Ialu* r; = (Da i a, is a vector of the state prediction;

fln+r = OdRyAT +Yax is a prediction-error covariance matrix;

fr|" = $l ,t;,]' *i ,tu,2,,t,u,a,,f o,|;

ff, = {ior,,ior,,ioru,ioo 
Lv Rx'^|. 

o
;" ;";:l'R"ou = R[;^'

The maximuh likelihood estimate of the vector of the corrected time de-
lays of the signals from the separate emission sources is [1]

(r2) 4l =-nin-'lf^ +k,To -r(t,i",)",t",4")l =fa, + ki,To,

where (o;I = loi,,u;,,0;,*;"] i, a vector of values "f (& Y =b*,kri,k3,,kan],

at which an extremum is reached; k, = 12,3,,.i t =lA; hf = furi,r;r,f;r,,f;rl
is a corrected time delays vector of the signals'from the separate emission sources.
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So, the problem is reduced
equation system

to nerv orre supposing resolving the following

Tr*, = i,l ,u + kirTo = c

T|r=iarr+kirTo=c

Ti,=ior,+klrTo=c

Ti,=iaor+kirTo=c

n(ti, - u)' *('i,

+Q'i' - n)'

*Q'i, - n)'

-'[t't -,,)'r(,rJ - ,-,)' *(,.,-")']"'no-;

(1 3)

. (,J - ,)'f''' * 0,"-'[(,r - *,)'

,t1l12-4)-l *oi,

.(4 - "i'f'''

-'[('J - *,)'

-'[("t - ,o)'

at which the rnaximum likelihood estirnates *I,yI,tI and An are determined.

3. Algorithm accuracy

F'ig. I represents results of the research of the accuracy
characteristics when positioning a mobile object both with and without making
use of the multiplex synchronization. The research has been cariied out for the
NAVSTAR satellite navigation system for Geometric Diiution of Precision
GDOP:4 for C/A- and P-code. The computations have been carried out for
typical values of the parameters: signal noise ratio g:1+100; sarnpling interval: 0,1 s; standard deviation of velocity 6v =lmls; frequencyband of the noise

; parameters of the signal (l):
nuance of one element of the
code tu = 98ns ; ilitial values
oxo = 300m ; 6v,o =300m/s.

I

a

I

c

Fig. l Standard deviation when determining the coordinates of the mobile object

a -. for x; b - for y:.c - for z; 1- without using MSM for C/A-code;2 - without using MSM for P-code;
3 - using MSM for C/A-code; 4 - using MSM for P-code

The displayed diagrams represent the standard deviation when deterrnining
the coordinates I hour after the beginning of the work of the algorithm. When
applying the multiplex synchronization method for this time the fluctuation
error, using the C/A-code turns out to be 40.+45 times smaller compared with the
standard algorithm one, whereas using the F-code it is 25+30 times smaller.
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n square error of a mobile
en applying the multiplex
played data show the su-

method in the accuracy oharacteris-
od for filtration.
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Mero4 Ha o6eAiaueHara crtuxpour4 3arJarfr
IIpu npocTpaHcTBeHO [O3r,rqEoHr,rpaHe
Ha IIoAB?IXeH O6eKT

Beu4ecttas PauKor, A r-ieea Xpucmoe,
Vaedap Ifaadee

(Fesror'le)

Ilpranoxen e MeroABT Ha o6eAuHeHara cr{ril(poH[r3arllr, B3Ar,aqara 3a Tpr'rKoopAr4r{-arHo no3url^oHrrpaHe Ha rroABrr*eH oSeri ([o) ;pe;[3IIOJI3BAHE HA MHOIOIIO3I,IIII{OHHA PA,ALIOHABVTAIII{OHHA CI{CTCMA, NP" ,O'"MeroA ce CreA's:r BpeMe3aKT,cHeHI'ItrTa Ha AzureKoM epnr4s.KoA r{ Br4coKoqecToTHoro
3ANCJIHEHI,IE. CrrEA TOBA TIO TE3,n AAHHT4 CE I{3BbPUIBA OIIEHKA HA BPEME-

METOJI

TII CE

6orra

Ha MecrororroxeHr.reroll 
r-o "" 

r.J"?tilf" rro KBa3r{AarreKoMepeH MeroA, nplrxofiro ce orqr4Ta pa3cbrnacyBa*ero ira eranonnv' felreparop Ha 6op4a na flocrrprMo .cr{cTeMHOTO BpeMe.
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